A set S of vertices of a graph G is a total dominating set if every vertex of V (G) is adjacent to some vertex in S. The total domination number t (G) is the minimum cardinality of a total dominating set of G. Let G be a connected spanning subgraph of Ks;s, and let H be the complement of G relative to Ks;s; that is, Ks;s = G ⊕ H is a factorization of Ks;s. The graph G is k-supercritical relative to Ks;s if t (G) = k and t (G + e) = k − 2 for all e ∈ E(H ). Properties of k-supercritical graphs are presented, and k-supercritical graphs are characterized for small k.
Introduction
For terminology not deÿned here, we refer the reader to [6] . In particular, for a graph G =(V; E), a set S ⊆V is a dominating set of G if every vertex not in S is adjacent to a vertex in S and is a total dominating set if every vertex in V is adjacent to a vertex in S. The domination number and the total domination number of a graph G are denoted by (G) and t (G), respectively. If S is a minimum dominating (minimum total dominating) set, we call S a -set ( t -set) of G. For sets S; T ⊆V , we say S dominates (respectively, totally dominates) T if every vertex in T (respectively, S ∪T ) has a neighbor in S, and we write S T (respectively, S t T ) if S dominates T (respectively, S totally dominates T ). If T =V − S, then we say S G (respectively, S t G). If S = {s}, we write s T and s G. For a more detailed treatment of domination-related parameters and for terminology not deÿned here, the reader is referred to [2, 6] .
A graph G is said to be -domination critical, or just -critical, if (G)= and (G + e)= − 1 for every edge e in the complement G of G. This concept of -critical graphs has been studied by, among others, Blitch [1] , Summer [10] , Sumner and Blitch [11] , and Wojcicka [13] . Haynes et al. [8, 9] introduced and studied the total domination edge critical graphs, that is, graphs G such that t (G + e)¡ t (G) for any edge e ∈E( G). The addition of an edge can change the domination number by at most one. However, the addition of an edge can change the total domination number by as much as two.
Proposition 1 (Haynes [8] ). If G is a graph with no isolated vertex, then for any edge e ∈E( G),
t (G) − 26 t (G +e)6 t (G):
The graphs G with the property t (G + e)= t (G) − 2 for any edge e ∈E( G) are called supercritical. It is shown in [9] that a graph G is supercritical if and only if G is the union of two or more nontrivial complete graphs.
If G is a spanning subgraph of F, then the graph F − E(G) is the complement of G relative to F with respect to a ÿxed embedding of G into F. The idea of a relative complement of a graph was suggested by Cockayne [3] and is studied in [5] . We shall assume that the complete bipartite graph K s; s has partite sets L and R (representing "left" and "right"), and that G ⊕H = K s; s is a factorization of K s; s . (If G and H are graphs on the same vertex set but with disjoint edge sets, then G ⊕H denotes the graph whose edge set is the union of their edge sets.) We denote the relative complement H of G by G. (The rest of this paper deals only with relative complements, so confusion with complements in the ordinary sense is unlikely.) Throughout this paper, G will be a connected spanning subgraph of K s; s , and so H is unique.
Haynes and Henning [7] studied domination critical graphs with respect to the relative complement, that is, the graphs G such that (G)= and (G + e)= − 1 for all e ∈E( G). In this paper, we study the same concept for total domination. We say that a graph G is total domination edge critical relative to K s; s if t (G + e)¡ t (G) for any edge e ∈E( G). Obviously, since Proposition 1 considers adding an arbitrary edge from the ordinary complement, it also applies to adding an edge from the relative complement. We note that adding an edge to a bipartite graph G from its relative complement can change the total domination number by 0,1, or 2. For example, the path P 6 : u 1 ; u 2 ; u 3 ; u 4 ; u 5 ; u 6 is a subgraph of K 3; 3 where all three possibilities occur. In particular, t (P 6 + u 1 u 6 )= t (P 6 )=4; t (P 6 + u 3 u 6 )= t (P 6 ) − 1=3, and If G is a connected spanning subgraph of K s; s , and t (G)=k and t (G + e)=k − 2 for all e ∈E( G), then we say that G is k-supercritical relative to K s; s . Although the supercritical graphs relative to ordinary complements are disconnected graphs and were straightforward to characterize in [9] , there exist k-supercritical graphs relative to K s; s and obtaining a characterization for them appears to be di cult. Hence the motivation for this paper. We consider k-supercritical graphs relative to K s; s for small values of k. Since for any graph G with no isolated vertices, t (G)¿2, it follows that there are no k-supercritical graphs for k =2 or k = 3. Hence in what follows, we assume k¿4. Also, since the rest of this paper deals only with relative complements, we will omit the phrase "relative to K s; s " unless a speciÿc value of s needs to be mentioned.
Properties of k-supercritical graphs are presented in Section 2. In Section 3 we present k-supercritical graphs having large and small diameters. In particular, for k even, an inÿnite class of k-supercritical graphs of diameter k − 1 and an inÿnite class of these graphs of diameter 5 are given. In Section 4, we investigate k-supercritical graphs for small k. A list of questions which we have yet to settle is given in Section 5.
Preliminary results
In this section, we present ÿve lemmas that will be useful in what follows.
Lemma 2.
If G is a k-supercritical graph, then for each uv ∈E( G), every t -set of G +uv contains both u and v. Furthermore, in any t -set S of G + uv; u (respectively, v) is the only vertex in S adjacent to v (respectively, u).
Proof. Let G be a k-supercritical graph, and let S be a t -set of G + uv. Then |S|=k−2. Since S is not a total dominating set of G, at least one of u and v belongs to S. Suppose u ∈S but v = ∈S. Then u is the only vertex of S that is adjacent to v, for otherwise S would be a total dominating set of G. Let v be any neighbour of v in G. Since v is adjacent to at least one vertex of S; S ∪{v } is a total dominating set of G of cardinality k − 1, which contradicts the fact that t (G)=k. Hence, if u ∈S, then v ∈S. Similarly, if v ∈S, then u ∈S. Thus, S contains both u and v.
Suppose u is adjacent to some vertex of S di erent from v. Let v be any neighbor of v in G. Then S ∪{v } is a total dominating of G of cardinality at most k − 1, which contradicts the fact that t (G)=k. Hence, v is the only vertex of S that is adjacent to u. Similarly, u is the only vertex of S that is adjacent to v.
Proof. Suppose x ∈L has degree s in G. Since t (G)=k¿4, each vertex in R has degree at most s − 1. Hence, by the Pigeonhole principle, there is a vertex of L, say u, that is not adjacent to two vertices of R, say v and w. We now consider the graph G +uv. Let S be a t -set of G + uv. Then, |S|= k − 2 and, by Lemma 2, u; v ∈S. Since some element of L must be in S to dominate w, we may assume that x ∈S as otherwise we could replace any such element of S by x. Let u be any neighbor of u in G. Then (S − {u}) ∪{u } is a total dominating set of G of cardinality k − 2, which contradicts the fact that t (G)=k. Hence, (G)6s − 1.
Proof. Let G be a k-supercritical graph. Lemma 3 implies that uv ∈E( G) for some vertex u. By Lemma 2, there exists a set D of cardinality k − 4 such that D ∪{u; v} is a total dominating set of
Lemma 5. For any pair of vertices u and v in a k-supercritical graph, if
Proof. Let u and v be vertices in a k-supercritical graph G, and assume that N (u) =N (v) =∅. Necessarily, u and v are in the same partite set, say L. By Lemma 3 we know that (G)6s − 1, so there exists a vertex x ∈R that is not adjacent to u or v. Then Lemma 2 implies that any t -set S of G + ux contains both u and x and no vertex in N (u) ∪N (x). Thus, no neighbor of v is in S, so v is not totally dominated by S, a contradiction.
Proof. Let G be a k-supercritical graph, and suppose to the contrary that G has an endvertex u. Since G is connected, Lemma 5 implies that there exists a vertex, say x, at a distance 3 from u. Let u; v; w; x be a path from u to x. By Lemma 2, any Proof. If diam(G) = 2, then G ∼ = K s; s , and so t (G) = 2, a contradiction. Hence, diam(G) ¿ 3.
Supercritical graphs with large and small diameters
In this section, our aim is to show that for each k ¿ 2 and each s¿2k − 1, there exists an inÿnite class of 2k-supercritical graphs of diameter 2k − 1. On the other hand, we also show that for each k¿2, there exists an inÿnite class of (2k + 2)-supercritical graphs of diameter 5. An interesting consequence of this section proof that j-critical graphs exist for all even values of j.
First, we construct an inÿnite class G of 2k-supercritical graphs such that t (G)=2k and diam(G)=2k − 1 for each G ∈G. For k¿2 consider two copies of the path P 2k Let G k denote the resulting graph and let G be the family of all such graphs G k . Note that G 2 ∼ = C 6 , while the graph G 3 is illustrated in Fig. 1 .
Clearly, G k is a bipartite graph with diam(G k )=2k − 1 and with partite sets {a 1 ; a 2 ; : : : ; a k ; c 2 ; : : : ; c k } and {b 1 ; b 2 ; : : : ; b k ; d 1 : : : ; d k−1 } each of cardinality 2k − 1. Hence, G k is a spanning subgraph of K s; s where s =2k − 1. We show that G k is a 2k-supercritical graph relative to K 2k−1; 2k−1 .
Proof. The set {a 1 ; a 2 ; : : : ; a k ; b 1 ; b 2 ; : : : ; b k } is a total dominating set of G k , and so t (G k )62k. Suppose t (G k )¡2k. Then for each t -set X of G k ; |V i ∩X |61 for at least one i ∈K. Let I X ={i ∈K: |V i ∩X |61} and assume that among all t -sets of G k ; X has been chosen such that |I X | is minimum.
If 
A similar argument shows that |V i ∩X |= 1 is also impossible and we conclude that
Claim 2. For each k¿2; t (G k + e)=2k − 2 for every e ∈E( G).
Proof. Let e ∈E( G)
. By symmetry, we may assume that e = a j b j for some i; j with 16i¡j6k or e =a j d j for some i; j with 16i; j 6 k and i = j. Suppose e = a j b j for some i; j with 16i¡j6k. Then, ( If all edges between two independent sets V i and V i+1 are present, then we shall say that [V i ; V i+1 ] is full. Next for each k¿2 and each s¿2k − 1, we construct an inÿnite class F k of 2k-supercritical graphs of diameter 2k − 1. For k¿2, let F k be the family of graphs formed from the 2k independent sets V 0 ; V 1 ; : : : ; V 2k−1 where Note that when k = 2, each graph in the family F 2 is obtained from K s; s by removing the edges of a perfect matching.
In the special case when |V i |= 2 for each i ∈{2; 3; : : : ; 2k − 2} we have the graph G k constructed earlier in this section For i =1; 2; : : : ; k − 1, let b i and d i be distinct vertices of V 2i−1 and let c i+1 and a i+1 be the vertices in V 2i that are not adjacent to b i and d i , respectively. For i =1; 2; : : : ; k, let W i = V 2i−2 ∪V 2i−1 . Then, a similar proof to that employed in Theorem 8 (with "V i " replaced by "W i ") can be used to establish the following result.
Theorem 9. For each k¿2, each graph in F k is a 2k-supercritical graph of diameter 2k − 1 for some s¿2k − 1.
An immediate consequence of Theorem 9 now follows.
Theorem 10. For each k¿2 and each s¿2k − 1, there exists a 2k-supercritical graph of diameter 2k − 1.
Next, we show that supercritical graphs with small diameter may have arbitrarily large total domination number. In fact, for each k¿2, we construct an inÿnite family C k of (2k + 2)-supercritical graphs G relative to K 2k+1; 2k+1 of diameter 5. For k¿2, form G from k copies of the cycle C 6 by identifying an edge, say ab, common to every cycle. Let A= N (a) − {b} and B = N (b) − {a}, and label the vertices of A and B as A ={a 1 ; a 2 ; : : : ; a k } and B ={b 1 ; b 2 ; : : : ; b k } such that a i and b i are in the ith copy of C 6 . Finally, for each i = j, add exactly one of the edges a i b j and a j b i . Clearly, G is a bipartite spanning subgraph of K 2k+1; 2k+1 and diam(G) = 5. Since any t -set of G includes a; b, and two additional vertices from each of the k copies of C 6 , it follows that t (G)=2k + 2. It is a simple exercise to check that t (G + e)=2k for each edge e ∈E( G), so we omit the details of the proof to the following result.
Theorem 11. For each k¿2; G∈C k is a (2k + 2)-supercritical graph relative to K 2k+1; 2k+1 of diameter 5.
k-Supercritical graphs for small k
Our aim in this section is to characterize the k-supercritical graphs for k ∈{4; 5} and to investigate properties of 6-supercritical graphs. Before proceeding further, we introduce some notation. Let G be a k-supercritical graph of diameter m. Let u 0 ; u 1 ; : : : ; u m be a diametrical path of G. Proof. The su ciency follows from Theorem 9. Assume that G is a 4-supercritical graph. By Lemma 3, (G)6s − 1. Let u ∈L, and let v ∈R be a vertex that is not adjacent to u. Then t (G +uv) = 2. Moreover, by Lemma 2, {u; v} is the unique t -set of G + uv. Hence, deg G (u) = deg G (v)=s−1. It follows that each vertex of G has degree s − 1, and so G is obtained from K s; s by removing the edges of a perfect matching, i.e., G ∈F 2 .
Theorem 13. There is no 5-supercritical graph.
Proof. Assume that G is a 5-supercritical graph. By Lemma 3, (G)6s − 1. Let uv ∈E( G). Then t (G +uv) = 3 and, by Lemma 2, every t -set of G + uv contains both u and v. Let S be a t -set of G+uv and let w be the vertex of S di erent from u and v. By Lemma 2, u (respectively, v) is the only vertex in that set adjacent to v (respectively, u). But then w is isolated in S , which contradicts the fact that S is a total dominating set. Hence there is no 5-supercritical graph.
Next we consider the 6-supercritical graphs G. If s and t are non-adjacent vertices in di erent partite sets of G, then t (G + st) = 4 and so, by Lemma 2, there exists a set T of cardinality 2 such that T ∪{s; t} t G + st. For the discussion, it is convenient to consider T to be an ordered set, the ÿrst element of which belongs to a set V i of smallest index. That is, if T ={x; y} where x ∈V i and y ∈V j , then i6j. Furthermore, by Lemma 2, xy ∈E(G) (so j = i + 1) and neither x nor y is in N (s) ∪N (t).
First we show that 6-supercritical graphs are 2-connected.
Lemma 14.
If G is a 6-supercritical graph, then G has no cutvertex.
Proof. Let x be a cutvertex of G. We may assume that G 1 and G 2 are components of G − x. Let y be a neighbor of x in G 1 and z be a neighbor of x in G 2 . By Lemma 6, (G)¿2. Thus we may assume that y = x is in N (y) and z = x is in N (z) (so y ∈V (G 1 ) and z ∈V (G 2 )). Let S be a t -set of G + yz . By Lemma 2, S contains y and z and neither x nor z is in S. Hence, there exists an edge ab such that either y G 1 and {a; b} G 2 − N [z ] or z G 2 and {a; b} G 1 − N [y] . If y G 1 , then (since G is bipartite) y is an endvertex, contradicting Lemma 6. If z G 2 , then every neighbor w of z in G 2 is either an endvertex or w ∈N (x) ∩N (z ). Since G has no endvertices, w ∈N (x)∩N (z ) implying that {z; x; y; a; b} t G, a contradiction.
Corollary 15. If G is a 6-supercritical graph, then |V i |¿2 for 16i¡diam(G).
Proposition 16. If G is a 6-supercritical graph, then diam(G)65.
Proof. Suppose, to the contrary, that diam(G)¿6. Let u 0 ; u 1 ; : : : ; u m ; m¿6, be a diametrical path of G. By Corollary 15, we know that |V i |¿2 for 16i65. Consider a t -set S of G +u 1 u 4 . Lemma 2 implies that both u 1 and u 4 are in S. Furthermore, the other two vertices in S must be adjacent and must dominate both V 6 and V 1 − {u 1 }, which is impossible. Hence, diam(G)65.
We are now in a position to characterize the 6-supercritical graphs of diameter 5. Proof. The su ciency follows from Theorem 9. To prove the necessity, assume that G is a 6-supercritical graph and diam(G) = 5. Using the notation introduced in this section the partite sets of G are V 0 ∪V 2 ∪V 4 and
Let S be a t -set of G +v 2 v 5 . By Lemma 2, S = {v 2 ; v 5 ; x; y} where xy ∈E(G) and neither x nor y is in N (v 2 )∪N (v 5 ). Now u 0 must be dominated so without loss of generality, x ∈V 1 and y ∈V 0 ∪V 2 . Hence, v 5 V 4 ∪V 5 , implying that |V 5 |=1.
Proof. Suppose v 2 v 3 ∈E( G) where v 2 ∈V 2 and v 3 ∈V 3 . In any t -set S of G + v 2 v 3 , both v 2 and v 3 are in S. Furthermore, the remaining two vertices of S must be adjacent and must dominate both u 0 and v 5 , which is impossible. Hence, [V 2 ; V 3 ] is full as claimed.
Claim 4.
[V 1 ; V 2 ] is full minus a perfect matching. Proof. Since t (G) = 6, no vertex v 1 ∈V 1 can dominate V 2 because if it does, then {u 0 ; v 1 ; v 2 ; v 4 ; v 5 } is a total dominating set of G, a contradiction. As we have seen each vertex in V 2 is not adjacent to at least one vertex in V 1 . A similar argument shows that each vertex in V 1 is not adjacent to at least one vertex in V 2 . Suppose v 1 v 2 ∈E( G), and let S be a t -set of G + v 1 v 2 . Then S ={v 1 ; v 2 ; x; y} where xy ∈E(G). Now v 5 must be dominated, so without loss of generality, we may assume that x ∈V 4 and y =v 5 (since neither x nor y is in The proof of the following result is long, so we omit it. A detailed proof can be obtained from the authors. We conclude this section with bounds on the diameter for k-supercritical graphs where k ∈{7; 8}. Note that we have proven the existence of 8-supercritical graphs, but it is not clear that 7-supercritical graphs exist. Again we omit the lengthy proofs.
Proposition 19. If G is a 7-supercritical graph, then diam(G)64.
Proposition 20. If G is a 8-supercritical graph, then diam(G)67.
Open questions
In the course of this investigation, we encountered a number of problems which we have yet to settle. A partial listing of these problems follows.
1. Characterize the 6-supercritical graphs of diameter 3. 
